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ABSTRACT
We strengthen Fglner Independence (Jefined in an earlier paper) to a crite-
rion (which we call Very Weak Bernoulli) and prove that this new condition
is equivalent to Finitely Determined.

0. Introduction

Donald Ornstein and Benjamin Weiss [O-W], in collaboration with Jacob Feld-
man and Dan Rudolph have generalized much of classical ergodic theory to ac-
tions of amenable groups. However, there is one important part of the theory
which has not been extended: the Very Weak Bernoulli (VWB) criterion. In the
original theory, this condition was useful in verifying that many processes that
arise are, in fact, Bernoulli. For examples, see [O, pp. 115-125] and [Sh, pp. 104-
105]. In addition, the thesis of J. Steif ([St1] and [St2]) contains applications of
the VWB criterion to interacting particle systems.

For Z-actions, the VWB condition was developed in by Ornstein in [O]. In
[O-W-3}, it was shown by Ornstein and Weiss that VWB is equivalent to Finitely
Determined.

As it turns out, VWB is very hard to define in a general amenable group,
because the definition for Z-actions relies so heavily on a concept of the “past”;
in the case of the integers, the “past” refers to the negative integers. Even for
Z¢, a notion of the past has been developed (see [K-W]). For a general amenable
group, however, it is not at all clear what the correct definition is.

In [A], we avoided much of this difficulty by considering a stronger condition

which we named “Fglner Independence”. Even for Z-actions, however, Folner
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Independence implies but is not implied by Finitely Determined (see [0-W-2]). It
is, however, suggestive of another criterion. It is the point of this work that this
other definition (Definition 3.1), which we call Very Weak Bernoulli, is equivalent
to Finitely Determined.

In [A-S], an application of VWB for amenable groups will be given. We will
show that an attractive interacting particle system (with the usual lattice VA
replaced by an arbitrary discrete amenable group) is Bernoulli.

In §1, we prove two technical lemmas needed to estimate how close quasi-tilings
are to being true tilings. Then in §2, we define closeness in entropy and finite
distribution for finite processes, then prove (Theorem 2.8) that large but finite
portions of a Finitely Determined process inherit a property similar to Finitely
Determined. Finally, in §3, we give an analogue (Definition 3.1) of Very Weak
Bernoulli for amenable groups. In Theorem 3.7, we prove, using the main result
(Theorem 2.8) of §2, that this condition is equivalent to Bernoulli. Much of the
proof of Theorem 3.7 is modelled on [0-W-3].

I would like to thank Don Ornstein for useful insights, especially the idea of
using extremality (see (LC7) of the proof of Theorem 2.8). Jeff Steif also helped
out by finding a simplification to an earlier definition of VWB. I would also like
to thank the referee for many useful suggestions and for catching a serious error

in the original version of this paper.

1. Technical estimates

We collect here some technical results.

Recall from [A, §1] that if I is any set, then an I-process is a family of
random variables, indexed by I, together with a grand coupling. If each variable
takes values in {41, —1}, then we call the process an I-spin system. If G is a
countable, discrete group then a G-process is stationary if the grand coupling is
invariant under right translation by elements of G. (Here, G acts on {+1, -1}¢
by (o9)(¢') = o(g'g™").)

We adopt some of the notation of {A, §3]. If K C G is finite and § > 0, then
a finite subset FF C G is (K, §)-invariant if, for all £ € K, |[kFAF|/|F| < é.
(Note that this does not agree with [O-W, p. 24, 1.4-5].) Recall that a group G is
amenable iff for all (K, §), there exists a (X, §)-invariant subset of G [O-W, p. 14,
1.-5]. A property P(F) of finite subsets F C G is said to hold for sufficiently
invariant sets if there exists a (K,§) such that P(F') holds whenever F is



Vol. 78, 1992 AMENABLE GROUPS 147

(K, §)-invariant. If F is a collection of finite subsets of G, then we say that F is
a Fglner family if, for every (K, §), there exists a (X, §)-invariant set in F.
Throughout this paper, G is a countable, discrete, amenable group with iden-
tity element e. (See [A, §3] for the definition of amenable.) Recall from [A, §3]
that if K, F C G are finite subsets, and if e € F = F~1, then the F-boundary of
K is the set B of a € G such that FanK # 0 # Fan(G\K); recall also that the F-
interior of K is K\B. Recall [0-W, p. 21,1.-3] that a collection 4;,...,4, CG
is said to be é-disjoint if there exist subsets A; C Ai,...,Am C A, such that
P#q=> /i,, N A, = 0 and such that |A\A,| < 8|4,], forp=1,...,m. A collec-
tion of subsets A;,..., Ay is a §-quasi-tiling system if e € A; C-.- C A; and
if these sets 6-quasi-tile G, in the sense of [O-W, p. 24]. A é-disjoint collection
Ay, ..., Ay of right translates of 4, ..., Ay is a é-quasi-tiling of a finite subset
KCGif |[K\(AiU---UAp)| < §|K|andif KNA, #0,forp=1,...,m.
Complications arise since the sets A4,,..., 4, are not pairwise-disjoint. The el-
ements of K lying in two of the Aps are to be thought of as “bad” points. We

now estimate the number of such points:

LEMMA 1.1: Assume 0 < 6§ < 1/2. Let Ay,...,Ax C G be a §-quasi-tiling
system. Let K be a finite subset of G and let BDRY (K') denote the union (over
i=1,...,k) of the (A;A7!)-boundaries of K. Assume:

(A) |BDRY(K)| < 6|K|; and

(B) Ai,...,A,, is a §-quasi-tiling of K by right translates of A, yeoos Ak,

Forp=1,...,m,let B, := A,, N (p:ggp‘i’")' (These represent the “bad” points

in A,.) Let J be the set of integers 1 < p < m such that |B,| > V/§|A,|. Then

(©) [IK1 =) |4

(D) 5’"_: |B,| < 108|K|; and
r=1

(E) > 14,] < 10VE|K].

pEJ

< 48|K};

Proof: Let M := max{|A4,],...,|A«x|}. By (B), there exists a pairwise-disjoint
collection of sets Ay, ..., Am such that, for p=1,...,m, /L, C A, and ]A,.\/-LJ <
§lA,). Forp=1,...,m, let Ay = A\A,. Let

A= g 4, A= itj A, A= Udr, B:=
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Let
SUMA :=) |4,, SUMB:=)_|B,l.

p=1 =1

m

Because A;,...,Am are pairwise-disjoint, |4| = Zl.ﬁi,l. Further, for p =
r=1

L,...,m, (1—6)|4,] < |4,| and §|A,| > |A}|. Summing these over p, we obtain

(1 - &)(SUMA) < f: |A,|=|A] and  &§(SUMA)> i |43 > [A*].

p=1 r=1

Subtracting the two inequalities displayed above, we have (1 —2§)SUMA < |A| -
|A*|. Now |A| — |A*| < |A\4?*|, s0

(F) (1 —26)(SUMA) < |A\4*).

By (B), A covers all but a §-fraction of K, i.e.,

(G) (1- 6K < |4

Multiplying this by 1 — 24, we get

(1-368)|K| < (1 36+ 26%)|K| < (1-26)|4]| < (1-26)(SUMA).

So, by (F), we have

(H) (1-36)|K|<|A\4"].

Fix any ¢, 1 < i < k. By definition of a §-quasi-tiling system, e € A;. Thus,
any right translate of A; which intersects both K and G\ K must be contained in
the (A;A;')-boundary of K. By definition of a é-quasi-tiling, every A, intersects
K. Consequently, every A, either lies in K or lies in some (4;A]!)-boundary
of K. That is, A C K UBDRY(K). Since A,,...,An are pairwise disjoint,
and since A € A € K UBDRY(K), we have Y _ |4,| = |4| < |K|+ [BDRY(K)).

p=1

Then, by (&),
M Y 4l <1 +9IK|.

p=1
For p = 1,...,m, |4p| = |45] = [4p\4,] < 6l4,], s0 (1 - 8)|Ap| < |Ay].

Summing this over p, we obtain (1 — §)(SUMA) < Z]/i,,] So, by (1),
r=1

5
(J) SUMA < %IKl.
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Proof of (C): By (G), by the inequality |A] < SUMA and by (J),

(1-8)|K| < SUMA < 1 + 6|K|

Subtracting |K| from this inequality,

A+6)-(1-8),. 26
—-(1—_3)—-|I\| ——II\|

By assumption, 0 < § < 1/2,s0 ~46 < -6 and 1 —§ > 1/2, so

—5|K| < SUMA — [K| <

—~48|K| < SUMA - |K| < 7—7—=|K| = 46K],

(1/ 2)
which is equivalent to (C).

Proof of (D): If an element of A lies in two of the A,s, then it must lie in some A,

for otherwise it would lie in two /ips, which is impossible by pairwise-disjointness.

So any element of A\A* lies in exactly one A,. Therefore, A\A* C BIAP\B,,,
p=

and so |A\A*| < ) [|4,] - | B, = SUMA — SUMB. Then, by (J) and (H),
p=1
56 362
—
Since 0 < 6 < 1/2, we then have SUMB < 2|K|(56 — 36%) < 2|K|(56) = 106| K],
which is (D).

SUMB < SUMA — |4\4*| < |K]| [1;_5 -(1- 36)] |K|

Proof of (E): Notice that, with J defined as in the statement of Lemma 1.1,
SUMB > ) " |B,| 2 Y Vol4,|=VE Y |4,
peJ pEJ pEJ
So, if (E) were to fail, then SUMB > 106| K|, which would contradict (D). 1

LEMMA 1.2: For every { > 0 and every positive integer k, there exists T > 0
such that, for all N = 1,2,...,

> (N ) k™ < 24N,
1<m<rN m
Proof: This is an easy consequence of Stirling’s formula, as both Russell Lyons

and Doug Jungreis have pointed out to me. There is also an interesting proba-

bilistic proof of this result which we omit. |

We will need a way of coding up quasi-tilings.
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Definition 1.3: If A,,..., A is a finite collection of subsets of G, and if ¢ €
{0,...,k}€ then the set of right translates defined by o via Ay,..., A
is, by definition, {4ig|g € G,i = o(g) > 0}. We denote by Q7 5(K) the set
of elements o € {0,...,k}% such that o(g) = 0 for ¢ ¢ K and such that
corresponds to a §-quasi-tiling of K.

If no A; is a right translate of any other, then we say that Ay,..., Az is
reduced, in which case there is a one-to-one correspondence between such o and
such collections of right translates. If o € {0,...,k}% and g € G, then we define
ag€{0,...,k}% by og(¢') = a(g'g™"). Ho €{0,...,k}C and F C G, then we
define op € {0,...,k}¢ by

_Jolg), fgeF
"F(g)‘{o, if g ¢ F.
As in [A, §1], the notation C(Z) means the set of those configurations of the

process Z which occur with positive probability.

THEOREM 1.4: Let 0 < § < 1/2 and let Ay,..., Ay be a reduced (6*/9)-quasi-
tiling system for G. For F C G finite, let BDRY(F) denote the union over
i = 1,...,k of the (A;A[')-boundaries of F. Let F C G be a finite subset
satisfying e € F = F~! and

(A) |BDRY(F)| < é|F|/3.

Let K C G be sufficiently invariant that

(B) the F-boundary of K has fewer than 56%|K|/9 elements.

Let k be a random variable taking values in K, with each value having proba-
bility 1/|K|. Let 0 € QT 52/9(K). Then

(C) Pr[(ok~")F € QT 5(F)] > 1 - §; and

(D) if M < min{|A,],...,]As|}, then |C((ck™*)F)] < Z (|F|> k™.

1<m<2|F|/M

The point of conclusion (C) is that if we take a very good quasi-tiling of the
very large set K, translate it by the inverse of a random element of K and
intersect with the fairly large set F, then, with high probability, we will end up
with a fairly good quasi-tiling of F. This produces a “random quasi-tiling” of F.

PROOF OF THEOREM 1.4: Proof of (C). Let L:= {g € G|Fg C K} denote

the F-interior of K. Let fil,...,/im correspond to o. Let A= Ulﬁp. Let
p:

T:={k € K |(ckiV)F € QTs(F)}.
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We must show that
(E) |K\T| < é|K]|.
Let
S:={(k1,9) € K xG|g € ANFk;}.

Fork; € K, g€ G, let
$%:={g€G|(k,9)€5), Sy:={k € K|(k1,0) € 5}.

Note that,

(E’) for all k; € K, S* = AN Fky.

By definition of F-interior, for all ¢ € L, Fg C K. Recall that F = F~!; thus,
forallg e AN L,

ng{klEKlgeFkl}=F"1gﬂK=FgﬂK=Fg,

s0 |Sy| = |F|. Summing this over g € AN L,
(F) IS|> |[AnLi|F|.
Now K\L is contained in the F-boundary of K, so, by (B),

[K\L| < (56%/9)|K].

Also, by definition of a (§2/9)-quasi-tiling, |K\ 4| < (§2/9)|K|, so

62 562 262
9

|K| - [An L| = |K\(AN L)| = |(K\A) U(K\L)| < {— + 5 1K= = IK].

So |ANL| > [1—(26%/3))|K|. We therefore conclude from (F) that

(G) IS > [1 - (28%/3)]|F||K]|.

By (E’), for all k1 € K, $*' = ANFk; C Fky, so |Fki\S% | = |Fky| — |S%| =
|F| — |S*1|. Summing this over k; € K and using (G), we have

. 26* ,
> IFE\S®| = |FIK| -S| < -|F|IK].
k€K

Therefore, if
R:= {k1 €K

26
PRt 2 DA},

then |R| < §]K|. To prove (E), we will show that K\T C R, i.e., that K C TUR,
i.e., that K\RCT.
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Sofix k; € K\R. Toshow that k; € T,i.e., that (ck;*)r € QT 5(F), it suffices,
by right translation, to show opk, € QT 5(Fk;). Reorder 4y, ..., A, so that the
collection A, ..., A, corresponds to opg,, while Ai1y-r s Am corresponds to
0G\Fk, - Since the larger collection Ay,..., A, is 6-disjoint, it is immediate that
the smaller one Ay,...,A; is as well. Thus, it remains to show that the sets
Ai,...,A; cover all but a é-fraction of Fk,, i.e., that

(H) [Fki\(41U---U Ay)| < 6|Fky|.

Now S¥ = AN Fky, so Fk;\A = Fky\(AN Fky) = Fk,\S*. Since k) ¢ R,
this implies that

(I) |Fk\A| < 25|F|/3.

Fix any integer pin the range t+1 < p < m. Since A¢41,.. ., Ay, corresponds to
OG\F#,, We find that A, N(G\Fk;) # 0. So, by definition of BDRY(Fk;), either
A;NFky = @ or A, C BDRY(Fk,). In either case, A, N Fky C BDRY(Fk;).
This holdsfor p=t+1,...,m,s0 Fky N (A1 U---UAp) C BDRY(Fk,).

Now let Q := Fk;\(4; U-+-U 4;). Then

=[Q\(Aet1 U UAR)U[Q N (Aeg1 U--- U Ap)]
ClFe\(A1 U - UAp)U[FkyN(A41 U---UAL))
C (Fki\A) U [BDRY(Fk;)].

By translation invariance BDRY(Fk,)| = |BDRY(F)|, so, by (I) and (A),

26[F1 L]

QI < IFk:\A| + [BDRY(F)| < :

= §|F.

By definition of the set Q, this gives (H), finishing the proof of (C).

Proof of (D): Fix k; € K. Let SUPP := {g € F|o(gk1) > 0} denote the support
of (ok ') p. The sets corresponding to (ok; ') form a (62/9)-disjoint collection
of subsets; further, they are all contained in U := F U BDRY(F) and they all
have cardinality > min{|A4],...,|Ak|} = M. By definition of (§2/9)-disjointness,
there is then a disjoint collection of subsets of U, indexed by SUPP, each of size
> M[1-(6%/9)]. Thus [SUPP|M[1 - (62/9)] < |U]. By (A), [U| < |F|(1 +§6), so

IFI _1+6
1-(&2/9)

Since § < 1/2, we conclude that |SUPP| < (|F|/M)(3/2)(35/36)~! < 2|F|/M.

ISUPP| < !
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Thus each configuration of (¢£~1)p has fewer than 2|F|/M non-zero values.
These values can range through the set {1,...,k}, so

(@ )< T ('5'):& .

1<m<2|F|/M

2. Finitely Determined and finite processes

Again, G denotes a discrete, countable, amenable group with identity element e.
As in [A, Definition 3.6), two stationary G-spin systems X and X' are (4, F)-
close in entropy and finite distribution if

|H(X) - H(X")| < § and d(XF, X}) < 6.

Asin [A, Definition 3.7], a stationary G-spin system X is Finitely Determined
if, for all ¢, there exists (6, F') such that: any stationary G-spin system X' which
is (6, F)-close to X in entropy and finite distribution satisfies d(Xk,X%) < e,
for all sufficiently invariant finite subsets K C G.

In this section, we describe a way of comparing two finite processes in entropy
and distribution. We use this to give a criterion for a G-process to be Finitely De-
termined in terms of the finite subprocesses of the process obtained by restricting
to Fglner sets (see Theorem 2.8).

We define a right action of G on {+1,—1}% by (¢g)(¢’) = o(g’'¢g™!). In the
following definition, if F, K C G are finite and if o € {41, ~1}, then we define
ot € {+1,-1}F by

F0- {3 T EnK
Note that if ¢ € G, if F, K C G are finite and if ¢ € {+1,—1}%, then og €
{+1,-1}¥%9 50 (0g9)}t € {+1,-1}F is defined by
fo=1y e
ot) = {0 FremanT
Definition 2.1: Let F, K C G be finite. Let Y := {Yi }xex be a K-spin system.
Let k be a K-valued random variable taking each value of K with probability
1/]K|. Couple Y and k independently. Then we define AFVg(Y) = Yk~ )t

Recall from [A, end of §1 and Definition 2.4] the definitions of the entropy
H(X) of a finite process X and of the d metric for finite processes.
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Definition 2.2: Let F,K C G be finite. Let X and Y be K-spin systems. We
say that X and Y are (6, F')-close in entropy and finite distribution if

(1) |H(X) - H(Y)| < §|K]|; and

2 d(A;g(X),A;g(Y)) < 8.

There is the possibility of confusion here in case G is a finite group and K = G,
since H(X) then has two possible interpretations, one as the entropy of a group-
process (see [A, Lemma 3.5]), the other as the entropy of a set-process (see
[A, §1]). In (1), above, H(X) and H(Y') are to be interpreted as entropies of
set-processes. By constrast, in (1) of [A, Definition 3.6], H(X) and H(X') are
to be interpreted as entropies of group-processes. Furthermore, if G is finite and

K = G, then, for any F C G, we have Avg(X) = Xp. So there is no inconsistency
F

between [A, Definition 3.6] and Definition 2.2 above.
Recall that if Z is any process, then C(Z) denotes the set of configurations of
Z which occur with positive probability.

LEMMA 2.3: If K is any set, if Z a K-process and if C(Z) is a finite set, then
H(Z) < log, 1C(Z).

Proof: This is a basic property of entropy. |
Recall the d and d metrics of [A, Definition 2.4).

LEMMA 2.4: Let I be any set. Let X be an I-process and let v > (. Let
C C C(X) satisfy Pr[X ¢ C] < 7. Let Y := X|{(X € C) denote the conditional
process of X conditioned on X € C. Then d(X,Y) < 7.

Proof: For every o € C, we have Pr[X = ¢] = (1 — 7)Pr[Y = 0] < Pr{Y =0].
Therefore there exists a coupling m of X and Y under which: for every 0 € C,
X =0 = Y = 0. Under this coupling, X #Y = X ¢ C,so Pr"[X #Y] < 7,

as desired. [ |

LEMMA 2.5: Let 6 > 0, let K be a finite set and let X, Y and Z be K-processes.
Let ¢ be a coupling of X and Y. For all o € C(Y'), let X, denote the conditional
process X|(Y = o) with respect to c. I, for all 0 € C(Y), d(X,,Z) < §, then

d(X,Z) < é.

Proof: Any family {m¢},cc(y) of couplings of X, with Z induces a coupling m
of X with Z. Let P, := Pr[Y = o], for all ¢ € C(Y'). Then

d(X,2) <d™(X,Z2)= Y P.d™(X,,2).
oeC(Y)



Vol. 78, 1992 AMENABLE GROUPS 155

The result now follows by taking the infimum over families {m,}. ]

Definition 2.6: If K is a finite set and X is a K-process, then we say that X
is (¢, 8)-extremal if: for all K-processes Z satisfying log, |C(Z)| < é§|K]|, for all
couplings of X with Z, we have

Y PrZ=old(X|Z=0,X)<e
0€C(2)
The inequality in Definition 2.6 is meant to indicate that X and Z are almost
independent in the process sense. In fact, if X and Z were distinct, then this

inequality would be equivalent to saying that X and Z were e-process independent
(see [A, Definition 2.8] and {A, Lemma 2.6]).

THEOREM 2.7: If X is a Finitely Determined stationary G-spin system, then,
for all € > 0, there exists § > 0 such that: for any sufficiently invariant K C G,

the process X is (e, §)-extremal.
Proof: This is a rephrasing of [O-W, Proposition 8, p. 117]. |
The following 1s the main result of this section.

THEOREM 2.8: Let X be a Finitely Determined stationary G-spin system. For
every € > 0, there exists a § > 0 and a finite subset Fy C G such that: if K
is sufficiently invariant and if Y is a K-process which is (8, Fy)-close to Xk in

entropy and finite distribution (Definition 2.2), then d(Xg,Y) < e.

Proof: The proof of this theorem occupies the remainder of this section. We

divide it into five steps.

STEP 1: The construction of Y. We may assume € < 1/2. Then

(1A) e+ et <e< 1.

As X is Finitely Determined ([A, Definition 3.7]), we may choose n > 0 and
Fy C G finite such that:

(1B) if Z is a G-process which is (n, Fy)-close to X in entropy and finite distri-
bution (see [A, Definition 3.6]), then d(X, Zk) < €, for all sufficiently
invariant K C G.

Replacing Fy by Fo U {e} U F; !, we may assume that e € Fy = F;'. Using

(1A), we may choose § satisfying:
(1C1) 0 < 6 < 1/100;
(1C2) 10V8 + /(6 + et +8)/(1 - 6)2 < 1;
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(1C3) 6+ Vo + /(B + e +8)/(1-082 <¢
(1C4) 56H(X) 4+ 196 < n; and
(1C5) 136 + 20v& + 2V8(1 + |FoF;7Y)) < 1.

It follows from (1C2) that
(1C6) 6+t + €2 < 1.

By Theorem 2.7, we may choose § so small that
(1C7) for all sufficiently invariant K C G, X is (€%, §)-extremal.

Let F denote the collection of all subsets A C G such that:
(1D1) there exists an A-process Y4 such that X, and Y4 are (6, Fy)-close in

entropy and finite distribution (Definition 2.2); and

(1D2) d(X4,Y4) > e

To prove Theorem 2.8, we need to show that F is not a Fglner family (defined
at the beginning of [A, §3]). We assume for a contradiction that F is a Fglner
family.

A Fglner family G will be said to be translation-invariant if, for all A € G,
g € G, we have Ag € G. By the proof of [0-W, Theorem 6, p. 24], we may choose
a positive integer k such that:

(1E) any translation-invariant Fglner family contains a (62/9)-quasi-tiling sys-

tem with k sets.
By Lemma 1.2, choose M > 0 such that:

N m §N —_
ar) > (m)k <2N forall N=1,2,....
1<m<2N/M

Let G denote the set of A € F such that
(1G1) (1 - 8§)lAl > M;

(1G2) the (FyFy!)-boundary of A has cardinality < v/6|A[; and
(1G3) lH(XA) — |A|H(X)| < é|A].

Since F is a Fglner family, G is again a Fglner family. All of the conditions
(1D1), (1D2), (1G1), (1G2), (1G3) are translation-invariant, so, by (1E), we may
choose a finite subsets Aj,..., Ax C G such that:

(1H1) for ¢ € {1,...,k}, the set A = A; satisfies (1D1), (1D2), (1G1), (1G2)
and (1G3); and
(1H2) Ay, ..., A is a (62/9)-quasi-tiling system for G.

By translation-invariance, we conclude from (1H1) that

(1H3) if A is a right translate of some A;, then A satisfies (1D1), (1D2), (1G1),
(1G2) and (1G3).
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By definition of a quasi-tiling system, e € A; C A2 C - C Ay, so
(1H4) e€ A1 N --- N A

Since A C -+ C A the system A,,..., Ay isreduced. Hence the (4,,...,A;)-
correspondence is well-defined. (See the text following Definition 1.3.)

Fori=1,...,klet A= A; € G C F,choose Y asin (1D1) and set Y* := Y4
Then, for all 1 = 1,...,k, we have:

(1) X4, and Y* are (6, Fy)-close in entropy and distribution.

Let Ky, K,,... be any Fglner sequence in G, i.e., a sequence such that

(13) if 53 > 0, and F; C G is finite, then K is (11, F} )-invariant, for all but a

finite number of s.

(It follows immediately from the definition of amenability that Fglner sequences
exist.) For s = 1,2,..., let k, be a random variable taking values in K,, with
each element of K, having probability 1/]K,|. Choose a (§?/9)-quasi-tiling of
K, by right translates of A;,..., A and let this quasi-tiling be represented by
o, € {0,...,k}¢ in the (4,,..., Ag)-correspondence.

Fix a positive integer s. Let 4,..., A, correspond to o,. Let Ky be the set
of k € K such that k lies in a unique A,. If 7, € {+1’_1}A,’ forp=1,...,m

then define ( TIT,,) € {+1,-1}¢ by:
=

m _ [ 1(k), fkeKonA,
(,,LTP) (k) = { +1, if k€ G\Ko.

Now recall that G acts on {+1,—1}C via (dg)(¢') = o(g'9™?). For each p =
1,...,m, choose an integer i, 1 < i <k, and a g € G such that /i,, = A;g; then

define Y? := Yg. Let Y, denote the G-process ( 'gl}—’”).
P:

For each s = 1,2,..., we couple Y, and k, independently. Recall from [A]
the notation: if F C F' C G and if Z = {Zy}4er is any F'-process, then
Zp = {Zs}seF denotes the restriction of Z to F. For each finite F C G, we
obtain a sequence of F-processes (Y,£;1)r. Each of these processes is coupled
with (a,l?:;l) F in an obvious way; call this coupling m,. Using a Cantor diag-
onalization argument, we may pass to a subsequence of Ky, K3,... and assume
that: for each finite F C G, as s — oo, the processes (U,ic;l)p and (Y,I~c;1)p
both converge. Call the limits of these two sequences QF and Y'¥, respectively.
The couplings m, (after passing to another subsequence) tend toward a coupling
mF of QF and Y. It is routine to check the consistency conditions of the Kol-

mogorov existence theorem, which shows that there exist G-processes @ and Y
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such that Qp = QF and Yp = Y'F, for all finite F C G. This existence theorem
also gives a coupling m of ¢ with Y. It is straightforward to check that @ and
Y are stationary (under right translation by elements of G).

Intuitively, @ is a random quasi-tiling and Y is a process which is obtained
by running @ and then independently running the translated Y*-processes cor-
responding to each tile of the output of Q. Since we have a quasi-tiling and not
a perfect tiling, there may be some elements of G covered by no tiles or covered
by more than one of the tiles. We assign the output of the Y-process to be +1
at such ambiguous points.

Steps 3, 4 and 5 verify the following three statements:

(IM1) if K is sufficiently invariant and e € K = K, then |H(Yx) - H(Xk)| <
nlKl;
(1M2) d(Xpo,YFo) <7 and
(IM3) the finite sets K C G for whiche € K = K1 and J(XK,YK) > €@ form
a Fglner family.
These together will contradict (1B), and will prove the theorem.

STEP 2: Preliminaries. As in Theorem 1.4, for any finite subset F C G, let
BDRY(F) denote the union of the (A4; A7 )-boundaries of F, over i = 1,...,k
and let Q7 5(F) denote the set of elements of {0,...,k}% which correspond to
8-quasi-tilings of F under the (A;,..., Ag)-correspondence (Definition 1.3).
By conclusion (C) of Theorem 1.4: for all sufficiently invariant FF C G, if
e€ F=F"1, then
Prf(o,k;!)F € QT5(F)] > 1 -6,

for all sufficiently large integers s. Consequently, this is true in the limit Q¥ =

QF, so we conclude:

(2K1) if e € F = F~! and F C G is sufficiently invariant, then Pr{Qr €
QT s(F)] >1-4.

Further, o,k,|F almost surely corresponds to a collection of sets which are §-
disjoint (i.e., such that each set can be shrunk by a é-fraction with the resulting
sets pairwise-disjoint, see the start of §1). Further, if a right translate of an A;
meets F, then, using (1H4), we see that it is contained in ' UBDRY(F'). So:
(2K2) for all finite F C G, QF defines a é-disjoint collection of subsets of F'U

BDRY(F), almost surely.

We claim that
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(2L) if K C G is sufficiently invariant, then log, |C(Qx)| < §|K]|.

In fact, by [A, Lemma 3.2], choose K sufficiently invariant that [BDRY(K)| <
|K|. If A;,..., An is a 6-disjoint collection of right translates of A,, ..., A; and if
APDK # 0, for p = 1,...,m, then each A, may be shrunk by a §-fraction with the
resulting sets forming a disjoint collection, each one a subset of K UBDRY(K).
Using (1G1) and the fact that § < 1/100 (see (1C1)), we then have

mM < |4;|(1 = 6)+ -+ + |4m|(1 - 8) < |K UBDRY(K)| < |K| + |K| = 2|K|.

Then, by (2K2), each configuration of Qx has fewer than 2|K|/M non-zero
values. These values can range through the set {1,...,k}, so

@< ¥ (M

1<m<2|K|/M
By (1F), log, |C(Qk)| < §|K]|, proving the claim.

STEP 3: The entropy calculation. In this step, we verify (1M1).

It is easily seen that the collection of finite subsets K C G satisfying e € K =
K~ is a Fglner collection. So, by (2K1), choose e € K = K~! sufficiently
invariant that
(3A1) Pr[Qk € QT s(K)] >1-4.

Recall that BDRY(K) denotes the union of the (4;A]")-boundaries of K, over
i=1,...,k. By [A, Lemma 3.2], choose K C G sufficiently invariant that
(3A2) |BDRY(K)| < §|K]|.

By conclusion (D) of Lemma 1.1,

(3A3) in any é-quasi-tiling of K, the cardinality of the collection of points lying
in two or more tiles is < 108|K|.

Recall that the number M was chosen so that (1F) holds. We now assume
that K is sufficiently invariant that
(3A5) M|BDRY(K)| < |K]|.

By (2L) and Lemma 2.3, we may choose K sufficiently invariant that
(3A6) H(Qk) < §|K|.

Finally, by the defnition of entropy ({A, Lemma 3.5]), assume K is sufficiently
invariant that
(3A7) !H(XK) - |K|H(X)| < 8|K].

Let L := K\BDRY(K'}. Since K'\L € BDRY(K), it follows from {3A2) that
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(3A8) 0 < |K\L| < §]K]|.

To finish Step 3, we must now show that

(3B) |H(Yk) — H(XK)| < nlK|.

Fix 0 € C(Qk). Let Y} be the conditional process Yx|(Qx = o) and let Y]
be the conditional process Y1|(@k = o). Then

H(Yg) - H(Y7) = H(Yj\1[Y1) < H(Y\1) < [K\L|.

For 0 € C(Qk), let H, := H(Yk|Qxk = o). Thus, by (3A8), for all o € C(Qk),

(3C) |H, — H(Y1|Qk = a)l < §|K].

Now fix any ¢ € QT s(K). Let A;,...,An, be the sets corresponding to o.
Recall that G acts on {+1,~1}€ via (0g)(¢') = o(¢'¢g”!). Forp = 1,...,m,
write A, = A;g and define Y? := Yig. Let H, := H(Y?). The conditional
process Y1 |(Qx = o) is a factor of the joint process obtained by independently
coupling ¥!,...,¥™: one runs Y',...,¥™ independently, then sets to +1 the
values at elements of G which lie in more than one of the tiles 4;,...,4,,, and
then ignores the values in BDRY(K). Thus, by (3A2) and (3A3),

(3D) |H1 4ot Ho— H(YL|Q = a)l < 106|K| + 8| K| + 8| K].

Let H := H(X). For p = 1,...,m, by (1H3), (1D1) and (1G3), |H(Y'?) —
H(Xz)| < 814, and |H(X,;,) - |A,,|H| < 8|4,], so

(3E) |H, - |A,,|H| < 26|4,.

Let SUMA := |A;|+---+|A;]. Since § < 1/100 (see (1C1)), conclusion (C) of
Lemma 1.1 implies that SUMA < | K|+ 46]K| < 2| K|, so adding the inequalities
of (3E) for p=1,...,m gives

(3F) |Hy + -+ Hp — H[SUMA]‘ < 43|K].

Finally, by conclusion (C) of Lemma 1.1, |SUMA — |K]|| < 46|K]|, so

(3G) |H[SUMA] - H|K|| < 46|K|H.

Combining (3C), (3D), (3F) and (3G) we see that if 0 € Q7 5(K), then

(3H) |H, - H|K|| < 166|K| + 56| K |H.

Let QT := QT s(K). For each o € C(Qk), let P, := Pr[Qk = o). By (3A1),

@Ho< > P, <6
¢ QT
By [A, Lemma 2.22], H, < |K]|, so (3I) implies

(33) 0< ) P,-H, <8|K|.
o¢QT
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By (3H) and the fact that 0 < z Py < 1, we get
o€QT
(BK) Y P, |H, - |K|H' < 166|K| + 46|K|H.

oc€QT
The basic properties of entropy imply that H(Yx|Qk) = Z'P, - Hy. Thus,
-4

using (31}, (3J) and (3K), we conclude

lH(YKIQK)—|K|Hl$ [Z Po-H,| - |K|-H{+| Y P, H,
o€QT o¢QT
<Y Po-H, | = | > P IKI-H+ |1= > P, -|K| H|+6|K|
oc€QT _UEQT o€QT
< [2 Po - H,,—IKIH‘ +{ Y Po| IKIH + K|
oc€QT ogQT

< (168|1K| + 48|K|H) + 8| K|H + §K].

Thus

(3L) IH(YK|QK) - |K|H| < 176|K| + 56| K| H.

The basic properties of conditional entropy imply that H(Yx) = H(Qxk) +
H(Yk|Qk). By (3A6), (3L), (3A7) and (1C4), we conclude

|H(Yk) — H(Xk)| = |H(Qk) + [H(Yk|QK) — H(Xk)]|
< H(Qu)+ |H(¥xIQx) - |KIH| + ||\KIH - H(Xx)
< 8|K| + (178|1K| + 58| K|H) + 6| K|
= (56H + 196)|K| < n|K]|,

establishing (3B), as desired. |

STEP 4: The distribution calculation. In this step, we will verify (1M2).

By (2K1), choose K satisfying e € K = K~ sufficiently invariant that
(4A1) Pr(Qk € QT s(K)]| > 1-6.

Recall that if K C G is finite, then BDRY(K) denotes the union over i =
1,...,k of the (4;A7")-boundaries of K. By [A, Lemma 3.2], choose K suffi-
ciently invariant that

(4A2) |BDRY(K)| < 6|K]|.



162 S. ADAMS Isr. J. Math.

Let k be a K-valued random variable, with each value of K having probability
1/]K|. Couple k independently with the joint process (Q, Y). (Note that there
is, by construction in Step 1, a coupling m of Q and Y.)

As before, G acts on the right of {+1,-1}¢ via (s¢)(¢') = o(g'g™"). Recall
that if Z = {Z;}4eq is a G-process and if S C G, then Zs denotes the restriction
{Zs}ses of Z to S. Since Y is stationary, we conclude that Y is isomorphic to
Yk™1, so Yp, is isomorphic to (Yk~1)g,. Thus, to conclude this step, it suffices
to show that

d(Xr,,(YE™)R,) <.

Let (k1,Y1, Q1) be the conditional joint process (k,Y, Q) conditioned on
(4B) Qk € QT s(K).
By (4A1), the event of (4B) fails with probability < 6, so, by Lemma 2.4, it

suffices to show
d(Xp,, (Yik{Y)R) <n—6.

Fix any o9 € QT 5(K). Let Ay,..., Ay denote the sets in this é-quasi-tiling.
By (1H3), forp=1,...,m,

(4C) the set A = A, satisfies (1D1), (1D2), (1G1), (1G2) and (1G3).

Let (l~cz,Y2, Q) denote (l::l,Yl,Ql) conditioned on

(4D) (@1)k = oo.

By Lemma 2.5, it suffices to show that

d(XFov(},?I;;I)Fo) <n- 6.

Then k, k; and ks, are all isomorphic, so k; takes each value of K with prob-
ability 1/|K|. Further Y; is isomorphic to the conditional process Y|(Qx = o).
Finally, k; and Y; are independent, for i = 1,2.

Let K, denote the set of elements of K which are contained in exactly one AP.
Let (Eg,Y—g,Qg) denote (k3,Y3, Q) conditioned on

(4E) k; € K.

Note that k3 takes each value of Ky with probability 1/|Ky|. The inequality

K\ U 4,
p=1

< §|K]|

in conjunction with conclusion (D)} of Lemma 1.1 allows us to conclude that
|K\K,| < 108|K| + 6| K|, so
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(4E") |K\K,| < 118|K|.
Thus (4E) fails with probability < 116. Thus, by Lemma 2.4, it suffices to
show that

d(XF,, (YaksV)p,) <n—86—116 = n — 126.

Let J denote the set of p, 1 < p < m such that

A,N{ U A,
P (p'#p p)

Let j be the {1,...,m}-valued random variable defined by k3 € A;. Note that,
forallp=1,...,m,

< \/gljpl-

~ IKO n Ap|
T
Next, let (k4,Ys, Q4) denote (i~<:3,Y3, @3) conditioned on
(4F) pe J.
Note that 4 takes each value of Ko N (plGJin,,) with equal probability. By (4E’),
we have |K|(1 — 116) < |Ky|. So, by conclusion (E) of Lemma 1.1, we conclude
that (4F) fails with probability

< (10V3IK ) /| Ko| < 10V6/(1 — 1168) < 20V,
as 6 < 1/100 (see (1C1)). Thus, by Lemma 2.4, it suffices to show that
d(Xry, (YakV)p,) < n— 126 — 20V5.

Fix some number py € J. Let (ks,Ys, Qs) denote (k4, Vs, Q4) conditioned on

(4G) P = po.

Note that ks takes each value of Ky N A,, with equal probability. By Lemma
2.5, it suffices to show that

d(XFo’()GES—l)Fo) <n- 126 — 20\/5

Let B := A,, N < U z‘i,,l). Since pg € J,
P'#po

(4H) |B| < VB4,
By definition of Ky, K¢ N /ipo = AI,O\B. Then l~c5 is a random variable taking
values in A,,\B (and taking each value with probability equal to all the others).
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Let C denote the (Fy Fy !)-interior of A,,\B. Let (k¢, Ys, Qs) denote (ks, Yz, Qs)
conditioned on

(41 I:?s eC.

Note that kg takes each value of C' with probability 1/|C). By (1H3) and
(1G2), the FyF;'-boundary aFoFo_l(A,,,,) of A, satisfies

|aF°F°“ (“iro)l < ‘/gl’i}’o I

Now

A\C €Oy, r(Bp) U (U RF).
Thus, by (4H),

|AP0| - Iéi < \/gl“il’ol + \/gl‘il’o”FOFo_ll'

So _ _
¢l 1él L
4)) ———= > — >1 ——\/3 1+ | FyF, .
) ZAB 2 1A, (1 +IRE)

So the event (4I) fails with probability < v§(1 + |FyFy'|). Thus, by Lemma
2.4, it suffices to show that

d(Xr,,(Ysks")r,) < 1 — 126 — 206 — V6(1 + |FoF;1)).

Write A,o = A;, 9o, for some 1 < i < k and some go € G. Let Ay := A;,.
Let Y° := Y4°. We know from (4C) and (1D1), by Definition 2.2, since X is
stationary, that

d (Xp,,, Avg(Yo)) < é.
Fq

Let do be a random variable taking each value of Ay with probability 1/|Aq|.
Couple Y? and &, independently. Then, by Definition 2.1, we know that

d(XFo’ (YO&()—1 .It'o) <é.
Thus it suffices to show that
d((YsksVr, , (Y°a51)E ) < n— 136 — 206 — Vo(1 + |Fo FyY)).

Let (Y1, ;) denote (Y, ;) conditioned on
(4K) ao € Cyg;".
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By (473), the probability that (4K) fails is < V(14 |Fo F;!|). Thus, by Lemma
2.4, it suffices to show that

d((YsksVYry , (Y037, <1 — 136 — 206 — 2V6(1 + |Fo FyYY).

(We have used that (Y"&f‘)'}:0 = (Y%a;")F,, which follows from the fact that
Fod; C Ay, almost surely.)

Now Y2, Y3, Y, Y5 and Ys are all isomorphic to the conditional process
Y (Qk = oo). Further, k; and Y; are independent, for i = 1,...,6.

Similarly, Y° and Y! are isomorphic. Similarly, &; and Y7 are independent,
for j =0,1.

Finally, @, is isomorphic to I~csgo_ 1. since the former is equidistributed over
Cgy' and the latter is equidistributed over C.

It follows from the definitions of Y, @ and C that (¥3) FoFy ¢ 18 isomorphic to
(Yogo)po Foler for all ¢ € C. Since e € Fy and since Y and Y! are isomorphic, it
follows that (Y5)F, is isomorphic to (Y'go)r,c, for all ¢ € C. Right translating by
¢!, we conclude that (Ysc™!)F, is isomorphic to (Yl(cgo_l)_l)Fo, forallce C.
Averaging these isomorphisms over ¢ € C, we find that (YGII:G_ )F, is isomorphic
to (Ylal_l)po.

That is, we know:

d((Yﬁiéﬁ_!)Fo ’ (YI&I_I)FO) =0.

Therefore, it suffices to show
0 < 7~ 138 — 20V — 2V§(1 + |Fo Fy1)).

This is true, by (1C5).

STEP 5: The d calculation. In this step, we verify (1M3). In fact, we will show
that J(X K, YK) > €8, for all sufficiently invariant K C G satisfyinge € K = K71,
Since the collection of finite K C G satisfying e € K = K1 is a Fglner family,
(1M3) will then follow.

By (1C7), we may choose e € K = K ~! sufficiently invariant that
(5A1) Xk is (€'%, 6)-extremal.

By (2L}, we may choose K sufficiently invariant that
(5A2) log, [C(Qi)| < 6IK].

Recall the definition of Q7 5(K) given following Definition 1.3. Using (2K1),

we also require that K be sufficiently invariant that
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(5A3) Pr[Qk € QT s(K)] >1-6.

Recall that, if K C G is finite, then BDRY(K) denotes the union over i =
1,...,k of the (4;4;!)-boundaries of K. By [A, Lemma 3.2}, choose K so
invariant that
(5A4) |BDRY(K)| < §|K]|.

It now suffices to show that J(X K,Yk) > €%, So assume for a contradiction
that there exists a coupling m of Xx and Yk such that
(5A5) d™(Xk,Yk) < €.

Recall from (5A1), (5A5) and Definition 2.6 that

Z Pr[Qx = 0)d(Xk|Qk = 0,XK) < €S,
0€C(QK)
Let S; denote the set of o € C(Q k) such that d(Xk , Xk|Q@k = 0) < €. Then
(5B1) Pr[Qk € S1] >1—¢€°.
Consider next the set S; of 0 € C(Qk) such that

d"(Xkg|Qk =0, Yk|Qk =0) < et

If Pr{Qk ¢ S2] > €* then (5A5) would fail. Therefore
(5B2) Pr[Qk € S2] > 1 — €.

Then, by (5A3), (5B1), (56B2) and (1C6), we may choose o9 € C(Qxk) such
that:
(5C1) g € QT 5(K); and
(5C2) o9 € 51 NS,

From (5C2) and the definition of S; and S; we obtain
(5C3) J(X}\ , YlQr = 00) < et + €.

Let Ai,..., A, denote the sets in the quasi-tiling corresponding to og. By
(5C1), we may choose pairwise-disjoint Ay,...,An with .;1,, C A, and with
l/ip//ip] < 84, for p=1,...,m. Let A:= pglfip, A= pglfip. Then A\K C

BDRY(K), so, by (5A4), we have |A\K| < 6|K|. Thus, by (5C3),
|A]d(X 5, Y;|Qk = 00) < 8|K|+ (¢* + €*)| K.

Now, by definition of a é-quasi-tiling and by summing the inequalities |4,| >
(1 —6)]A,| over p=1,...,m, we obtain

4] > (1 - 8)IA] > (1 - 6)*|K|.
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Let A := (6 + €* + €8)/(1 — 6)%. From the last two displayed inequalities, we
conclude that

(5D) (X5, Y;1Qx = 00) < M

Let J; denote the set of integers 1 < p < m such that d(X A Y,;P QK = 00) >
vA. By (5D) above,

(5E) Y _|A,| < VAIK].

p€L
Let J> denote the set of integers 1 < p < m such that

A,n| U Ay
P (p’#p p)

By conclusion (E) of Lemma 1.1,

(5F) > _|4,| < 10V6|K|.

> V|4,

By (ggi (5F) and (1C2), we may fix an integer 1 < p < m such that p ¢
Ji U J;. Then [A, Lemma 2.3] allows us to conclude from p ¢ J; and from
|4p1/145] > (1 - 8)|4,| that

(5G) d(Xz,, Yz |Qk = 00) < VA +6.

Write A, = Aic, for some integer 1 < ¢ < k and some ¢ € G. Then X4,c is
isomorphic to Xz . Further, as p ¢ Jz, we see that d(Y'c, Y4, 1@k =00) < V6.
Thus, by (5G), d(Xa,¢,Yc) < VA4 6+ V6. By (1C3), d(X 4,¢c,Yic) < ¢, so, by
translation invariance, d(X4,,Y") < e. But Y = Y4 so this contradicts (1H1)
and (1D2), concluding Step 5.

This completes the proof of Theorem 2.8. 1

3. Very Weak Bernoulli and Finitely Determined

Definition 3.1: We say that a stationary G-spin system X is Very Weak
Bernoulli if, for all € > 0, for some disjoint e-quasi-tiling system Ai,..., A,
for every sufficiently invariant finite set K C G, there exists an ordered disjoint
e-quasi-tiling Ay, ..., A,, of K such that:
For p=2,...,m, let P, := A; U-+UA,_;. Then, forallp=2,...,m,
the process X 5 is e-process independent of Xp (see [A, Definition 2.8]).
An ordered disjoint e-quasi-tiling with this property will be said to be e-almost
independent under X.
To obtain the definition of VWB for Z-actions from Definition 3.1, we choose

a large integer n, define k := 1, A; := {1...,n}. Now suppose, for example, that
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K ={1,...,mn}. We then use the ordered tiling of K by the sets
{1,...,n}, {n+1,...,2n}, {(m —-1n+1,...,mn}.

For a moment, say that X is strong VWB if it satisfies the above definition,
but with “for some disjoint e-quasi-tiling system” replaced by “for any disjoint
e-quasi-tiling system consisting of sufficiently invariant sets”. In Theorem 3.7
we will actually show that VWB implies Finitely Determined and that Finitely
Determined implies strong VWB. Since strong VWB clearly implies VWB, we
see that the two are, in fact, equivalent.

While we will not pursue this here, B. Weiss has pointed out to me that this
formulation of Very Weak Bernoulli can be rephrased in terms of “almost block
independence”, a concept which is fundamental to the proof of [A, Theorem 4.2].

Fix a finite subset A C G. Let @ be an A-valued random variable which takes
on each value of 4 with probability 1/|4|. Let o € {+1,—1}4. Define AFvg(a)

to be the F-spin system (0@™!)} (see Definition 2.1).
If K C G isfinite, if X is a K-process and if P(o) is a property of configurations
o € C(X), then we will say that P(c) holds for e-a.e. o € C(X) if

Pr[P(X) holds] > 1 —e.
A stationary G-process X is ergodic if: for any G-invariant Borel subset
E C {+1,-1}¢, we have either Pr{X € E] =0 or Pr[X € E] = 1.

THEOREM 3.2: Suppose X is an ergodic, stationary G-spin system, ¢ > 0 and
F C G is finite. Then, for all sufficiently invariant K C G, for e-a.e. 0 € C(Xg),
d(Xr,Avg(o)) <e.

F

Proof: Thisis a consequence of the Mean Ergodic Theorem for amenable groups.
([0}, von Neumann’s theorem 3.2.4, p. 43]) 1

THEOREM 3.3: Suppose X is an ergodic, stationary G-spin system and A > 0.
Then, for all sufficiently invariant L C G, for A-a.e. 0 € C(X),

(1+ N H(X)|L| < ~log, Pr{X1 = o] < (1 + NH(X)|L|.

Proof: This is the Shannon-McMillan Theorem for discrete amenable groups,
cf. [Ol, Theorem 4.4.2, p. 64]. [ |
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We use the terminology introduced in (A, Definition 3.3]. Let X be a stationary
G-process. Let Ay, ..., A be a disjoint e-quasi-tiling system. Let Ay,..., A, be
a disjoint e-quasi-tiling of some set K by right translates of A;,...,Ax. For
p=2,...,m,let

Py:=A U - U4,

A configuration ¢ € C(Xp,) is called a p-past, and its weight is defined to be
P,|A,|/|K|, where, as usual, P, := Pr{X p, = 0]. The remainder weight is

defined to be _ _
Rie |K\(4; U ---UA,,,)|.

K|

A past is a p-past for some p.

Let P be a property of pasts. The naive weight of P is the sum of the weights
of the pasts for which P holds. The weight of P is the sum of |4,|/|K] and the
naive weight of P. (We are making the convention here that the set of 1-pasts is
empty and has weight |4,]/|K| and that any property holds for all 1-pasts.) We
say that P holds for é-a.e. past if the weight of P exceeds 1 — 4. Similarly, if P
is a property of p-pasts, then we say that P holds for §-a.e. p-past if the weight
of P exceeds (1 — 6)W,, where W, denotes the total weight of the p-pasts. If o
is a p-past, then we will frequently denote A, by A,. We use X;’;’ to denote the
conditional process X 5 |X p, = 0, i.e., to denote the process X 5 conditioned on

Xp, =o0.

Definition 3.4: Let A;,...,Ax be a disjoint é-quasi-tiling system for G. As-
sume K C G is disjoint §-quasi-tilable ({A, Definition 3.3]) by right translates
Ai,...,An of Ay,...,Ar. Let X be a K-process. Then we say that the ordered
disjoint quasi-tiling A;,...,Am is (6, Fp)-VWB if: for é-a.e. past o, X4, and
X3, are (6, Fy)-close in entropy and finite distribution. |

It is interesting to note that the next result does not require X to be Very
Weak Bernoulli. Thus, all ergodic processes have a certain amount of Very Weak

Bernoulliness to them.

THEOREM 3.5: Let X be an ergodic, stationary G-process. Let § > 0 and
let Fy C G be finite. Then any Folner family F contains a disjoint §-quasi-
tiling system Ay, ..., Ax such that, for every sufficiently invariant K C G, there
exists an ordered (6, Fy)-VWB disjoint quasi-tiling of K via right translates of
Ap,..., A
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Proof: Replacing § with min{§,1/2}, we may assume that § < 1. Let H :=
H(X) denote the entropy of X.

Choose A > 0 such that

(A1) A+ (8M/6) < 8/16.

Since § < 1, it follows that

(A2) 3x < §/2.

By the Shannon-McMillan Theorem (Theorem 3.3) and by the definition of
entropy [A, Lemma 3.5), we may choose n; > 0 and F} C G finite satisfying: if
L C G is (F1,m)-invariant (defined at the start of (A, §3]), then

(B1) |H(XL) - H|L|| < (8°/256)|L}; and

(B2) for A%-a.e. 0 € C(X): HIL|(1+ A)™! < —log, Pr[X = o] < H|L|(1+A).

For A C G finite, let R(A) denote the collection of all 0 € {+1,—1}4 such
that d(Avg(a) XF,) < §/2. By the Mean Ergodic Theorem (Theorem 3.2), for

all sufﬁc1ently invariant A C G:
Pr{X4 € R(4)] > 1 - (6%/16).

Let F; denote the Fglner family of all A € F such that
(C1) Pr[X4 € R(A)] > 1 —(82/16);
(C2) Ais (Fy,m )-invariant; and
(C3) 1 < A4

We may choose a disjoint §-quasi-tiling system A,...,Ax € F; [A, Lemma
3.4]. If two of the A;s are right translates of one another, then we may eliminate
one of them; we may therefore assume that A;,..., A is reduced. Then the
(A1, .., Ag)-correspondence (see Definition 1.3) is well-defined.

Let K be sufficiently invariant that there exists a disjoint (§/2)-quasi-tiling of
K by right translates Ay, ..., Ay, of Ay,..., Ax. It suffices to show, for §-a.e. past
o, that

(D) d(Ap}'g(Xﬁ” ) XF,) < 6; and

0

(E) |H(Xg,) - H(X4,) < 84|

If R := |[K\(A; U--- U Ay)|/|K| denotes the remainder weight, then, by defi-
nition of a disjoint (§/2)-quasi-tiling ([A, Definition 3.3]), we have R < §/2.

Define Hy := H(X 4, )/|A1|. For p=2,...,m, define Pyi=AjU---UAp
and H, = H(Xy, |pr)/|fip|. Let Sy be the set of all p € {1,...,m} such that
H,>H —(6%/32). Let W:= A4, U---U An.
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By (C2), forall p=1,...,m, A, is (Fi,n )-invariant, so, by (B1), we have

H(X;
g, < H%)

< < H + (63/256).
4] (8°/256)

As W is (Fy,m )-invariant, we conclude from (B1) that
H(Xw) > [H - (6°/256)]|W|.

By standard properties of entropy,

HXw) = Y Bl = [z Hpm,,n] + [2 H,w} .

p=1 PESH P¢So

Combining these last three observations, we have

(H — (&°/256)]|W]| <

Y IH+ (6“/256)1|Ap|] +

Y [H - (62/32)1|fip|} -

PESe PESo
Subtracting H|W| = Z HIA|| + z H|A,||, we get
PESy pESo

PES P#So

—(6°/256)|W| < (8% /256) EZ |,a,,|] —(6%/32) [Z lfipl] .

Using Z |4,| < |W|, and solving for Z |4,], we find
PESH PESo

D 1A, < (32/8%)[2(8% /256)|W (] = (8/4)|W|.
PESo
Since [1 — R][1 - (6/4)][1 - (6/4)] > [1 — (6/2)][1 - (6/4)]% > 1 — 6, it suffices to
show, for all p € Sp\{1}, that:
for (6/4)-a.e. p-past a:  both (D) and (E) hold.
So fix some p € Sg\{1}. Recall that if o is a p-past, then 4, := 4,. It suffices
to show that
(F) for (6/8)-a.e. p-past o: d(A;/g(X%a),Xpo) < 8; and

(G) for (6/8)-a.e. p-past o: |H(Xg )~ H(X,)l < 6|4,
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Since X is stationary, we see from (C1) that 4, € F implies
Pr{X; € R(4,)] > 1 - (82/16) = 1~ (§/8)(6/2).

Thus, for (6/8)-a.e. p-past o,
Pr[Xgp € R(4,)] > 1—(6/2).

Then, by definition of R(A,), for (§/8)-a.e. p-past o,
d(AF\'rg(XgP),Xpo) <8/24+(1-6/2)(8/2) <6,

verifying EF)

Define P := P,, A := A,. By (C2), 4 is (F1,m )-invariant, so, by (B2),

(H) for XN*-ae. T €C(Xz):  Pr{Xz=r]>2 HIAIOQ+Y)

Then there exists a subset Cy C C(X ) such that

(11) |Co| < 2HIAI+X); and

(12) Pr[X4 € Co] > 1 — A%

By (12), we have

(J) for A-a.e. 0 € C(Xp): PrlX§ € Col >1- A

By Lemma 2.3 and by (I1), for all o € C(Xp),

H(X3|X5 € Co) < HIA|(1+ ),
H(X3|X5 ¢ Co) < |A.

By standard properties of entropy, these two estimates and (J) imply that: for
A-a.e. 0 € C(Xp),

H(X3) < [HIA|1+ 1)1 = 2) + [l A]A + 2.

By (C3), 2 < 2X|A|; further, (14 A)(1 — ) =1 - A% < 1, so we obtain
(K) for M-ae. 0 €C(Xp):  H(X3) < (H+3MN)A]
Define ~
Cri={o € C(Xp)| H(X}) 2 [H + 3)]|A]},

Cy:= {0 € C(Xp) | H(XF) < [H - (§/2)]|Al},
A :=Pr(Xp € Cy],
A2 :=Pr[Xp € Cl.

By Lemma 2.3, H(X%) < |A], for all o € C(Xp).

Since p € Sy, we have

[H - (8/32))|4] < H(X3|Xp) = Y H(X5)Pr[Xp=0].
g€C(Xp)
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Breaking this sum into Z + E + E , we obtain
0€C) e€C; V¢CIUCQ

[H - (62/32)]I4] < |A]M + [H = (§/2))|A]Xz + [H + 3N A)(1 = Ay = A2)
< |A|A; + H|A|Az — (6/2)|A)22 + H|A|(1 — A2 — 0) + 3A|A|(1 — 0-0)

Dividing by |A] and subtracting H = HX; + H(1 — );), we have
—6%/32 < Ay — (6/2)23 + 3.

Solving the estimate above for Ay gives Ay < (2/6)[(6%/32) + A1 + 3)]. By (K),
we see that A\; < A, so

Pr{Xp € CLUCy = M + A2 < A +(2/6)[(62/32) + 4A] = [A + (8A/8)] + (6/16).

So, by (A1), Pr[Xp € C, UC,] < §/8. By definition of C; and C;, we conclude,
for (6/8)-a.e. ¢ € C(Xp), that

(H - (6/2)l|4] < H(X3) < (H +3))|Al.
By (A2), 3) < 6/2, so: for (6/8)-a.e. 0 € C(Xp),
[rxs) - 1] < 1214
Now, by (C2), A is (Fy,m )-invariant, so, by (B1),

lHMI ~ H(X )| < (6%/256)|A].

Since § < 1, we have 6%/256 < §/2, so the last two displayed estimates imply:
for (6/8)-a.e. o € C(Xp),

[H(X3) - H(X 5)| < 8A|.

But A= 4, = A, and P = P,, so this verifies (G). ]

LEMMA 3.6: Let X be a stationary G-spin system. Assume, for all € > 0,
that there exists a disjoint e-quasi-tiling system A, ..., Ay such that: for every

sufficiently invariant K C G, there exists an ordered disjoint e-quasi-tiling of
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Aj,...,Am of K such that for e-a.e. past o, J(Xl‘}1 yX4,) <e. Then X is Very
Weak Bernoulli.

Proof: Given ¢ > 0, we try to verify the condition of Definition 3.1. Choose
0 < § < 1 such that
§+Vé<e

Replace all “€”s by “§”s in the hypothesis of Lemma 3.6 and choose A;,..., A,
K, and 4;,...,An as described. Then, for §-a.e. past o, ‘I(X,%,’Xfia) < é.

For p = 2,...,m, define P, := Ay U---U A,_y; if o is a p-past, let P, :=
Pr[X 5 = o]. Let I denote the set of all 1 < p < m such that: for Vé-a.e. p-past
a, J(Xfi,vX/i,) < é. Then ‘PLEJIA,. > (1-Vé)K|>(1-elK|

We claim that, for all p € I, the process X4 is e-process independent of

Xp,. Sofix p € I. Let C := C(Xj,), let C; denote those 0 € C such that

d(X5 ,X4,) < 6. By definition of I, > " P, > 1— V6. Therefore, by [A, Lemma
a€Cy
2.6),

dp, (Xp, V X4, Xp,1X5,) =D Pod(X5 ,X4,)
el

=Y+ Y <@+ <e

g€Cr  o€C\(C;

This proves the claim, by definition of e-process independence ([A, Definition

2.8)).
Now let A},...,A!, be the ordered list of sets obtained from 4;,...,Am by
eliminating those A, for which p ¢ I. Then

A5 u---UAL| > (1=e)lKL.
By [A, Lemma 2.14], for all p = 2,...,m’, the process XA; is e-process indepen-
dent of .Xp;, where le’ =AlU---U A;,_l. 1
We can now state and prove the main theorem of this paper.

THEOREM 3.7: Let X be a stationary G-process. Then X is Very Weak Bernoulli
if and only if X is Finitely Determined.

Proof: The proof that Very Weak Bernoulli implies Finitely Determined is al-

most the same as the proof of {A, Theorem 4.2]. The main difference is that
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statement (C) of the proof should be changed to say: “there exists an ordered
disjoint e-quasi-tiling of B, by right translates of A,,..., Ay which is e-almost in-
dependent under X.” (See Definition 3.1.) We eliminate statements (E) and (I).
By the new version of (C), we may choose the traversal C},...,C} of the proof
in such a way that: if Cp,...,C, is a block with union B, then Cp,...,Cy_q is
an ordered disjoint e-quasi-tiling of B which is e-almost independent under X.
This insures that statement (W) remains true. The rest of the proof remains
unchanged.

We now turn to the proof that Finitely Determined implies Very Weak Ber-
noulli. Assume that X is a Finitely Determined, stationary G-process. Let ¢ > 0
be given. We will verify the condition of Lemma 3.6, for this e. Choose 6, F as in
Theorem 2.8; replacing § by the minimum of § and ¢, we may assume that § <.
Let F denote the Fglner family of all finite K C G for which the conclusion of
Theorem 2.8 holds. Note that, by {O-W, Theorem 8, p. 93], X is isomorphic
to a Bernoulli process and is therefore ergodic. Choose A;,...,A; € F as in
Theorem 3.5. Choose K sufficiently invariant that the conclusion of Theorem
3.5 holds. Consequently, there exists a (8, F)-VWB ordered disjoint quasi-tiling
Ai,..., A as in Definition 3.4. Note that each A, is a right translate of some
A;,s0 Ay,..., A, € F. Then, for é-a.e. past o, X%, and X;_ are (6, Fy)-close
in entropy and finite distribution. Since § < ¢, and since é, Fy were chosen as in
Theorem 2.8, we conclude that: for e-a.e. past, J(X:i,, X ,) < e. This is exactly
what was needed to complete the hypotheses of Lemma 3.6; we conclude that X
is Very Weak Bernoulli. 1
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